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Abstract. We study the numerical radius of Lipschitz operators on Banach spaces via 
the Lipschitz numerical index, which is an analogue of the numerical index in Banach 
space theory. We give a characterization of the numerical radius and obtain a necessary 
and sufficient condition for Banach spaces to have Lipschitz numerical index 1. As an 
application, we show that real lush spaces and C-rich subspaces have Lipschitz numerical 
index 1. Moreover, using the Gateaux differentiability of Lipschitz operators, we charac- 
terize the Lipschitz numerical index of separable Banach spaces with the RNP. Finally, we 
prove that the Lipschitz numerical index has the stability properties for the Co-, and 
Zoo-sums of spaces and vector- valued function spaces. From this, we show that the C(K) 
spaces, L\ (/i)-spaces and Ltx>(^) spaces have Lipschitz numerical index 1. 

1. Introduction 

Our main goal in this paper is to study the numerical radius of Lipschitz operators 
by means of computing the Lipschitz numerical index of Banach spaces. The index is a 
constant related to the Lipschitz norm in the Banach algebra of all Lipschitz operators 
mapping a Banach space into the same space. Let us recall the relevant definitions. Let X 
and Y be Banach spaces over the same coefficient field IR or C. A mapping T from X into 
Y is called M-Lipschitz operator if there exists a real constant M > such that 

\\Tx — Ty\\ < M\\x — Vx,y € X. 

Let Lip(X., Y) denote the set of all Lipschitz operators from X into Y, and for every 
T € Lip(X., Y), let \\T\\l denote the minimum Lipschitz constant of T, i.e., 

1 1 Tec — Ty\\ 

\\T\\ L = sup{— — : x,y € X,x ^ y). 

If - y\\ 

Then || • \\l is a semi-norm of the linear space Lip(X., Y). Let Lipo(X., Y) denote the set of 
all Lipschitz operators from X into Y, which map to 0. It is clear that Lipo(X, Y) is a 
Banach space when it is equipped with the Lipschitz norm || • Denote by Lipo(X.) the 
space of all Lipschitz operators on X, which map to 0. We shall sometimes refer to the 
Banach algebra Lipo(X.) with the norm || • \\l as a Lipschitz operator algebra. For a real or 
complex Banach space X, we write B^,Sx. and X* to denote its closed unit ball, its unit 
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sphere and its dual space and denote the Banach algebra of all (bounded linear) operators 
on X by L(X.). It is clear that L(X) is a subalgebra of Lipo(X.). For each x £ X, we define 

D(x) = {x* G X* : x*(x) = \\x*\\ ■ \\x\\ = ||x|| 2 }. 

For an operator T G LipoQC), its numerical range is defined as 

W(T) = { {X ~ f [TX ~ TV) : (x - y)* E D(x - y), *,yGX, x + y}. 
\\x — y\\ A 

and its numerical radius is defined as 

w(T) = sup{|A| : A G W(T)}. 
The Lipschitz numerical index of X is the constant given by 

n L (X) = inf{w(T) : T G Lipo(X), ||T|| L = 1} 

or, equivalently, 

n L (X) = max{A; > : ||T|| > koj(T),T G Lip (X)}. 

The definitions of Lipschitz numerical range is a generalization of the results of Zarantonello 
[22], where only Hilbert spaces are considered. This definition does work well for solving 
nonlinear functional equations and nonlinear partial differential equations (see [9], [22]). 
Note that if T € £(X) is a bounded linear operator then uj(T) coincides with the usual 
numerical radius [19], i.e. 

u(T) = sup{|x*(Tx)| : x* G D(x),x G S x }- 

The numerical index of X is then given by 

n(X) = M{u(T) : T G L(X), ||T|| = 1}. 

Obviously, < n^(X) < n(X.) < 1, n^(X) > means that the numerical radius is a norm 
on Lipo(X) equivalent to the Lipschitz norm and n^(X) = 1 if and only if the numerical 
radius and the Lipschitz norm coincide. 

Let us mention some facts concerning the numerical index which will be relevant to 
our discussion. The concept of numerical index of a Banach space was first suggested by 

G. Lumer in 1968. In the paper [10], J. Duncan, C. McGregor, J. Pryce, and A. White 
determined the range of values of the numerical index, and showed that for complex (real) 
spaces the ranges of numerical index is the whole of the interval [1/e, 1]([0, 1]). For every 
T G L(X.), it is a well-known fact in the theory of numerical ranges (see [2, §9] or [15, 
Lemma 12]) that 

11/ _i_ fT\\ — 1 
sup ReW(T) = lim ^— 

and so, 

||/ + toT[|-l 

u(T) = max hm , 

a eJ t^0+ t 

where T stands for the unit sphere of the base field IK (=M or C). Using the previous results, 

H. Bohnenblust and S. Karlin [4] or Glickfeld [12] show that n(X) > 1/e for any complex 
Banach space X. On the other hand, the numerical index of some classical Banach spaces 
have been calculated. For instance, it is known that if H is a Hilbert space of dimension 
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greater than 1, n(H) = in the real case and n(H) = 1/2 in the complex case. The 
L\ (//)-spaces and their isometric preduals, including C(K) spaces, function algebras and 
finite-codimensional subspaces of C[0, 1] have numerical index 1. For more information and 
background, we refer to the books by F.Bonsall and J.Duncan [2, 3] and to the survey 
paper [13] and references therein. Some known results about sums of Banach space and 
vector- valued function spaces appear in [17] and [18]. The numerical index of the cq-, 
or Zoo-sum of a family of spaces coincides with the infimum of the numerical index of the 
spaces and the numerical indices of the vector- valued function spaces C(K, X), Li(/i, X) 
and Loo(i/, X) are equal to the numerical index of the Banach space X. 

In some sense, for a Banach space X the Lipschitz operator algebra Lipo(X) is much 
bigger than the Banach algebra L(X) of all bounded linear operators. Therefore, it may 
be natural to think the Lipschitz numerical index of X should be less than or equal to the 
numerical index. Surprisingly, we show in this paper that for large classes of Banach spaces, 
the Lipschitz numerical index is equal to the numerical index. 

The outline of the paper is as follows. 

In Section 2 we generalize a well-known result of the numerical ranges of bounded linear 
operators to the Lipschitz operators and characterize the numerical radius of Lipschitz 
operators. From this, we prove that the Lipschitz numerical index of a complex Banach 
space is greater than or equal to 1/e. We then give a necessary and sufficient condition for 
a Banach space to have Lipschitz numerical index 1 and use this result to show that the 
real lush spaces also have Lipschitz numerical index 1. Moreover, we establish that real and 
complex C-rich subspaces (specially, Co, C(K) spaces and finite-codimensional subspaces of 
C[0, 1]) have Lipschitz numerical index 1. As a consequence, all abelian C*-algebras have 
Lipschitz numerical index 1. 

Section 3 is devoted to computing the Lipschitz numerical index through the use of 
the Gateaux differentiability of Lipschitz operators. We give a characterization of the 
numerical radius of a Lipschitz operator, which is Gateaux differentiable everywhere on a 
Banach space. Our main result is to show that the Lipschitz numerical index agrees with 
the numerical index on a separable Banach space with the Radon-Nikodym property. Using 
this result we show that for complex (real) spaces the ranges of Lipschitz numerical index 
is the whole of the interval [1/e, 1]([0, 1]). 

Finally, Section 4 is devoted to the study of the stability properties of the Lipschitz 
numerical index. We show that the Lipschitz numerical index of a Co-, h~, and Zoo-sums 
of a family of spaces is equal to the infimum Lipschitz numerical index of the summands. 
Thus the Lipschitz numerical index is stable for the cq-, Zi-, and Zoo-sums. For spaces of 
vector-valued functions we have the same results. Let K be a compact Hausdorff space, // 
a positive measure and v a cr-finite measure. We prove that the spaces C(K, X), Li(//, X) 
and Lqo (y-, X) have the same Lipschitz numerical index as the Banach space X. From these 
results, a large family of classical spaces with Lipschitz numerical index 1 are exhibited, 
namely C(K) spaces, Li(//)-spaces and Loo(^)-spaces. 
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2. Numerical radius of Lipschitz operators and Lush spaces 

Our first aim is to prove a formula connecting the Lipschitz norm with the numerical 
range of a Lipschitz operator. In fact, it is a generalization of the famous Lummer's lemma 
[15, Lemma 12] (see also [2, §9]), which plays a fundamental role in the theory of the 
numerical index on Banach spaces. The proof is based on the one given in [2, §9 Lemma 2] 
for the numerical range of bounded linear operators on a Banach space. We include it for 
the sake of completeness. 

Theorem 2.1. Let X be a Banach space. For each T € Lipo(X.) 

sup ReW{T) = lim ^ I + tT ^ L ~ 1 

and so 

v \\I + taT\\ L -l 
I = max lim . 

a£T t^0+ t 

Proof: For each x,y G X with x ^ y and (x — y)* € D(x — y), we have 

(I + tT)x- (I + tT)y\\ 



\I + tT\ L > 



> Re 



If - y\\ 

(x-y)*[(I + tT)x-(I + tT)y] 



\x — y\\ 2 



\\x — y\\ z 

Thus 

sup ReWiT) < lim H I + tT H L ~ 1 . 
t-+o+ t 

On the other hand, let /x = sup ReW(T). For each x,y € X with x ^ y and (x — y)* € 
D(x — y), we have 

(x-y)*[(/-tT)x-(/-iT)y] 



(I-tT)x- (I-tT)y\\ > Re- 



\x — y\\ — tRe 



F - 2/ 1 1 

(x-y)*{Tx-Ty) ] 



IF - 2/ 1 1 
> 2/||(l — t/x). 

Hence, if we replace x by (/ + tT)x and y by (J + tT)x then 

| (/ _ t T) [{I + tT)x] - (/ - tT) [(I + tT)y] || 



\\(I + tT)x-(I + tT)y\\ < 



< 



1-tfi 
|l-t 2 T 2 || L ||s-y|| 



1-tfJ, 

It follows that ||/ + tT||i < || 1 - t 2 T 2 \\ L /(l - tfi), and hence, 

||/ + tr|| L - i v ||i - t 2 T 2 || L /(i - i/x) - 1 

hm < hm = /j. 



□ 
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The following variant of Theorem 2.1 is very useful, which will be used later to get some 
stability properties of the Lipschitz numerical index. We write 

n = {(x, y,f) :x,y £X,x^, / € D(x - y)} 

and 7r for the projection from X x X x X* onto X x X defined by ir(x, y, f) = (x, y). 

Corollary 2.2. Let Q C II be such that tv(Q) is dense in X x X. Then for each T € 
Lip Q (X), 

w(T) = sup ^f*"^ 1 : (x, y, /) G Q}. 
\\x — y\\ z 

Moreover, oj(T) may be determined by choosing one functional f € D(x — y) at each point 
(x,y) of a dense subset o/X x X. 

It is a celebrated result due to H.Bohnenblust and S.Karlin [4] (see also [12]) that if 
X is a complex Banach space, then ||T|| < ew(T) for all T 6 L(X.). By Theorem 2.1 we 
can generalize this result to the Lipschitz operators by showing that \\T\\l < eu(T) for all 
T € Lzpo(X). Thus the numerical radius is always an equivalent Lipschitz norm in the 
complex case. 

Corollary 2.3. If X is a complex Banach space, then n^(X) > \ je. 

We state other immediate consequences of Theorem 2.1, which are quite related to the 
so-called Daugavet equation and alternative Daugavet equation. It is of interest to note 
the second statement, since it gives an equivalent condition which ensures that the space 
has Lipschitz numerical index 1. 

Corollary 2.4. Let X be a Banach space and T € Lipo(X). Then 

(a) \\I + T\\l = 1 + \\T\\l if and only if supReW(T) = ||T||x,. 

(b) max ae ir \\I + ctT\\i = 1 + \\T\\l if and only if u(T) = \\T\\l. 

Therefore, X has Lipschitz numerical index 1 if and only if all norm-one operators T in 
Lipo(X) satisfy max Qg x H-f + = 2. 

Next, we will study the Lipschitz numerical index of lush spaces by Corollary 2.4. The 
concept of lush space was introduced recently in [6], which has a geometrical property to 
ensure that the space has numerical index 1. Some examples of lush spaces are Li(/i)- 
spaces and their isometric preduals, including C(K) spaces, function algebras and finite- 
codimensional subspaces of C[0, 1]. We refer the reader to the papers [5, 6, 14] for more 
information and background on lush spaces. 

Definition 2.5. A Banach space X is said to be lush if for every x,y € 5x and every 
e > 0, there is a slice 

S = S(y*,e) := {z G B x : Rey*(z) > 1 - e} 

with y* € <Sx* such that y 6 S and dist(x , aco(S)) < e, where aco(S) denotes the absolutely 
convex hull of S. 
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In order to simplify the writing, we introduce the following terminology. Let X be a 
Banach space. For each x, y G X, the line segment joining x and y is the set 

[x, y] = {Ax + (1 - X)y : < A < 1}. 

Let A, B be subsets of -Bx- We define the join of A and B to be 

J(A,B) =U{[x,y] :xeA,yeB} 

and we denote by J(A) the join hull of A which is the join of A and itself. If A is convex, 
then J (A) is just A itself. 

The following lemma is simple but very useful to compute the Lipschitz numerical index 
of Banach spaces. 



Lemma 2.6. Let X be a Banach space and x, y G X with x ^ y. If nfzj^Ti G J {A) for some 
set A C i?X; then for any e > there exists z£X suc/i i/iat 

\\x — y\\ \\x — y\\ 
z — x G A ana \\y — z\\ < (1 + s) ^ • 

Moreover, if ^Zy \\ € J (A), we can choose z G X such that 



\\x — y \\x — y\ 
x G A ana \\x — z\\ = \\y — z\\ = — 



Proof: We write zq = H x _ y H and choose x±, X2 G A, < A < 1 such that 

\\zq - (Axi + (1 - A)x 2 )|| < |. 

We can assume that A < |, then z = cc + ^2 is the desired element. Indeed, it is 
obvious that 

\\ x - y\\ ^ W x ~ y H a 
z-x = x 2 G A. 

Moreover, set v = Xx\ + (1 — A)x 2 . Since \\2v — x 2 || < 1, it follows that 

ii n n , \\x-y\\ n \\x-y\\ llo „ 
= \\x-y-\ x 2 \\ = ||2z -x 2 || 

||(2^o - 2v) + (2v - x 2 )\\ < (1 + 



2 

A similar argument proves the second part. □ 

We will prove that all real lush spaces have Lipschitz numerical index 1. 
Theorem 2.7. Let X be a real lush Banach space. Then n^(X) = 1. 
Proof: Let T G Lipo(X.) with ||T||x, = 1. From Corollary 2.4, it suffices to prove that 

max III + aT\\ L = 2. 

For every e > 0, there exist x, y G X such that 

\\Tx-Ty\\ > (1 - £ )\\x - y\\. 
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We apply the definition of lush spaces to xq = ^.-y\\ anc ^ v ° = ||Ta-Ty || ^° OD tain Uo G fix* 
with uq G S = S(y* , e) and x\ G 5, X2 G — 5, A > such that 

||x - (Axi + (1 - A)x 2 )|| < e. 

The same proof of Lemma 2.6 shows that there exists z£X such that 

z-x G ^ X ~ y \ su-S) and \\y - z\\ < (1 + e)^!. 

Since moreover yo — [p^E^ji G £ = S(y*,e), we have 

|y*(Tx - Ty)| > (1 - e)||Ta: - Ty\\ > (1 - 2e)||x - y||. 

It follows that 

|y*[(7 + ar)z - (J + aT)x]| |y*(g - x)| + |y*(Tz - Tx)| 
max \\1 + ai > max - - > n n 

Q6T aGT \\Z - X\\ IEzM 

> i- c+ v'<r*-™-w T '-™>2-te. 1 

2 

Letting e 10, we deduce that max 117 + aT\\ = 2 as desired. □ 

Let K be a compact HausdorfF space in the real or complex case. We will give a direct 
proof that the C(K) spaces have Lipschitz numerical index 1 . 

Proposition 2.8. Let K be a compact H aus dor ff space. Then ni{C{K)) = 1. 

Proof: Fix T G Lipo(C(K)) with \\T\\l = 1. Then for any e > there exist x,y & C(K) 
such that 

llTx-Tj/H > (l-e)||x-y||. 
We may choose s G TT with x(s) — y(s) 7^ such that 

|Tx( S )-ry( S )| >(l-e)||x-y||. (1) 

Set u = x — y. Define v G C(K) and 5 G (C(7Q)* given by 



^ ) = max{Kt)|,K,)|} ' yt£K and »H = "«(-M-),Vt«;eC7(J0. 
Then we clearly have v G Sq(k) an( A 5 G D(v). Let z = x + t>. Note that 



W (T)> 



C(K") ailu y fc LJ \ IJ )- 1Jfc;L 2 = x -r — ^ 
z-x||y-)(Tz-Tx)| |Tz(s)-Tx(s) 



U — xll 2 IU — x| 



The key part is to show that 

\Tz(s) - Tx(s)\ > (1 - 2e)\\z - x\\. 

Indeed, for every t G K, 

x — v\\ WuW 
z(t) - y(t) = x(t) - y(t) + = u(t )(i _ ^ max{| 4' t) ' |>(g)|} ); 
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If \u(t)\ > \u(s)\, then 

\z(t) 

If \u(t)\ < \u(s)\, then 

\z(t) 

Thus \\z — y\\ < ^\\x — y\\ 



y{t)\ 



K*)l - -\\u\ 



1 



-y(t)\< Hs)\--\\u 

and consequently, 



l.i 

<- 2 h\ 



I,, 

< 5 IM 



X 



Hence, from (1), we have 

\Tz(s) — Tx(s) 

Hence, 



> \Tx(s)-Ty(s) 

> (i -£)\\ x -y\\ 



\Tz(s) 

\ z - y\\ 



Ty(s)\ 
(l-2e)\\z 



u(T)> 



\Tz(s) -Tx(s)\ 



> 1 - 2s. 



x\ 



Since e is arbitrary, it follows that ui(T) = 1. This completes the proof. □ 

We now present a wide class of subspaces of C(K) which are introduced in the paper 
[6], the so-called C-rich subspaces. We will show that all C-rich subspaces of C(K) have 
Lipschitz numerical index 1. 

Definition 2.9. [6, Definition 2.3] Let K be a compact H aus dor ff space. A closed subspace 
X of C{K) is said to be C-rich if for every nonempty open subset U of K and every £ > 0, 
there is a positive function h with \\h\\ = 1 and supp(h) C U such that dist(h,X) < e. 

We next give some known examples of C-rich subspaces of C{K). 

Example 2.10. 

(a) Let K be a compact H aus dorff space. Then C(K) is C-rich. 

(b) If K is a perfect compact space, then every finite- codimensional subspace ofC(K) is 
C-rich (see [6, Proposition 2.5]). 

(c) If one considers loo as C(/3N), then every subspace of loo containing cq is C-rich. 

(d) Let Vi be locally compact, and let {loo = ^ U {oo} be the one-point compactification of 
{I. Then Cq{Q) is a C-rich subspace of C(Qoo)- 

Definition 2.11. We say that a Banach space X has the join-lush property if for each 
x , y ^ £x and e > 0, there exist y* G 5x* with y G S = S(y*,e), x±, x% E S and A > such 
that 

\\x - (\a\x\ + (1 - A)a2X2)|| < £■ 

for some a\,a% inf. 

Remark 2.12. Note that the technique in the proof of Theorem 2.7 is still valid in more 
general case. If ^ X is a Banach space with the join-lush property, then X has Lipschitz 
numerical index 1. 
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Due to the proof of [6, Theorem 2.4], every C-rich subspace of C(K) is a lush space with 
the join-lush property. By the argument of Remark 2.12 we have the following result. 

Corollary 2.13. Let K be a compact Hausdorff space and X a C-rich subspace ofC(K). 
Then n^(X) = 1. 

By combing Corollary 2.13 with Example 2.10 (d) and Proposition 2.8, the following is 
obtained. 

Corollary 2.14. If A is an abelian C* -algebra, then ni(A) = 1. 

3. Numerical radius on separable Banach spaces with the RNP 

The Gateaux differentiability of Lipschitz operators is a useful tool for studying the 
connection between Lipschitz operators and bounded linear operators. Let us recall some 
basic definitions. A mapping T from an open set in a Banach space X into a Banach space 
Y is said to be Gateaux differentiable at a point xo if there is a bounded linear operator 
S : X — > Y such that for every u G X, 

S(u) = lun T{X0 + tu) - T ( X0 \ 
w t->o t 

The operator S is called the Gateaux derivative of T at xo and denoted by Dt{xq). Clearly, 
if T G Lipo(X,Y) and T is Gateaux differentiable everywhere then ||Z>r(x)|| < ||T|| for 
every x G X. A Banach space Y is said to have the Radon- Nikodym property (RNP) if 
every Lipschitz function T : R — > Y is differentiable almost everywhere or equivalently 
every such T has a point of differentiability. A Borel set A in X is said to be Aronszajn 
null if for every sequence {x n }^ C X with a dense linear span, A can be represented as a 
countable union A = L)A n such that every line in the direction of x n meets A n is a set of 
measure 0. 

We need the main existence theorem for Gateaux derivatives of Lipschitz operators be- 
tween Banach spaces. 

Theorem 3.1. ([1], [7]) Let X be a separable Banach space, and let Y be a Banach space 
with the RNP. Then every Lipschitz operator T from an open set U in X into Y is Gateaux 
differentiable outside an Aronszajn null set. 

The following proposition will describe how the numerical radius of a Gateaux differen- 
tiable Lipschitz operator relates to the one of its Gateaux derivative. 

Proposition 3.2. Let X be a Banach space, and let T G Lipo(X) be Gateaux differentiable 
everywhere. Then 

uj{T) = svlp{uj(Dt(x)) : x G X}. 
Proof: Let x G X, z G Sx an d z* G D(z). By the definition of Dt(x), we have 

*W.)M> = »m '•(*-(* + *»)-*■(*)) = lim WCT(* + fa)-r(*» 

t->0 t t-¥0 t A 

It follows that uj(Dt(x)) < w(T), and thus 

sup{co(D T (x)) : x G X} < u(T). 
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We shall prove the reverse inequality. For any e > 0, there exist xo,yo E X and (xq — 
yo)* £ D(xq — yo) such that 

\(x -yo)*(Txo-Ty )\ > _ e_ 
||»o — 2/0 1 1 2 2' 
Set z = and fix x € t x o,yo]- Since 

T(x + tz ) 
km = D T (x)(z ), 

there exists sufficiently small rj x > such that 

ll^) ( , )-^±M^M||<£ 

for any |i| < rj x . Let 14 = (x — r] x /2zo,x + rj x /2zo) be such that {14 : j; E [#0,2/0]} * s 
an open cover of [xo,j/o]- Choose finite points {xj}" =0 C [xo,2/o] such that x n = yo and 
Xi € (xi-i, Xi + i) for each i = 1, 2, ■ ■ ■ , n — 1. So we get 

1 n— 1 

Tx -Ty = ^2(Txi-Tx i+1 ) and ||x - y || = - a?j + i||. 

2=0 j = o 

Let ^ = . Then 



Oo ~ yo)*(Tx Q - Ty ) = (xp - yp)* ^ Txj - Tx i+1 

\\ x o — 2/0 II 2 ~^\\ x o-yo\\ \\%o-yo\\ 

^ ^11 II r T 1 r f~ 1 

=0 Iko — 2/0II Hzi-Xi+lll 
Hence, using (2) and (3), we may choose some iq G {0, 1, • • ■ , n — 1} such that 

l z o(^ x *o ~~ ^ x «o+i)l ^ o;(T) — - (4) 



\\ x io ■^0+1 II 2 

We may assume that ||xj — £j +i|| < r] Xi (otherwise, we can insert additional points 
between Xj and Xi 0+ \ to suit our purpose) and in view of the choice of rj Xi , we have 

i, T(a io ) -T(x io+1 ) e 
II— jj- — — D T (x io )(z )\\ < -. 

This together with (4) proves that 

\z \D T (xi ){z ))\ > V- ^ || — rj-^ 1| D T (xi )(zo)\\ > uj{T) - e. 

Since ||^o|| = 1, ^0 e D(zq) and e is arbitrary, we have sup{cu (Dt(x)) : x € X} > co(T). We 
thus complete the proof. □ 

The proof of Proposition 3.2 can be adapted to give other forms of the norm of Lipschitz 
operators. 
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Proposition 3.3. Let T be a Lipschitz operator from a Banach space X to a Banach space 
Y such that T(0) = 0. 

(a) Then 

1 1 Tx — Ty 1 1 

||T||i = sup{— [i— : x G X, y G B(x, r),y / x} 

If - y\\ 

for every r > 0, where B{x,r) is the closed ball with center x and radius r in X. 

(b) IfT is Gateaux differentiable everywhere, then 

||T|| L =sup{|| J D T (x)|| :xGX}. 

Proof: (a) For every x, y G X with x ^ y, we select finite points {xj}™ =0 C [x,y] with 
xq = x and x n = y such that Xi G (x»— i, Xi+i) for each i = 1,2, ■ ■ ■ , n — 1. Then 

||Tx - Ty|| _ ||xj - x i+ i|| Txj - Tx i+ i N 



ll x_ y|l ~^ Mac — \\Xi-x i+ i\ 
n-l 

Since ||x — y|| = ^ ||xj — by a simple convexity argument, there exists io such that 



i=0 



\Tx io - Txi 0+ i|| |jTz - Tyjj 



IFio ^io+ill If y\\ 

The part (a) is then obtained by averaging the segment small enough. 

(b) This part follows from the argument in Proposition 3.2 as well as the part (a). □ 

It is of interest to see whether or not the Lipschitz numerical index of a Banach space 
coincides with its numerical index. We will give some positive answers for separable Banach 
spaces with the RNP. 

Theorem 3.4. Let X be a separable Banach space satisfying the Radon-Nikodym property. 
Then n L (X) = n(X). 

Proof: We only need to prove that ni(X) > ra(X). Let T be in Lipo(X.) with ||T||i = 1. 
We claim that for every e > 0, there exist xo,yo G X such that T is Gateaux differentiable 
almost everywhere in [xo,yo] and 

||T(x ) -T(y )\\ > (l- e )||z -iA)||. 

Indeed, for the given e, there exist xo,yo G X such that 

\\T(x )-T(y )\\>(l-\e)\\x -y \\. 

Let 5 = |||xo — 2/0 1 1 - Then for each x G B{xq,S) and y G B(yo,6), 

\\T(x)-T( y )\\ > ||r(x )-r(fo)||-||r(x)-r(xo)||-||r(y)-r(fib)|| 

> (! - l e )\\%o ~ 2/0 1| > - ; f llx ~ y\\ > (1 - ~ y\\- 
2 l + i e 

Moreover, the set U = {[x, y] : x G B(xo,S),y G B(yo,5)} has nonempty interior in X. 
By Theorem 3.1, there exist xo G B(xq,5) and yo S B(yo,5) such that T is Gateaux 
differentiable almost everywhere in [xo,yo]- 
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Let zq = u Vo Z X °\\ an d to = 1 1 2/0 — xq\\. Consider the mapping / : [0, to] — * X given by 
/(f) = T(xQ + tzo) for any t £ [0, to]- It is easily checked that / is a Lipschitz function. Since 
X has the RNP, by the proof of [7, Theorem 5.21], there exist a finite positive measure \x 
on [0, to] which is absolutely continuous with respect to Lebesgue measure and a Bochner 
integrable g : [0, to] — > X such that 



/(t)= f g(s)dfi(s) + f(0). 
Jo 

Then / is Gateaux differentiable and Df(t) = g(t) almost everywhere. On the other hand, 
(l-e)io< \\T(y )-T(x )\\ = ||/(t ) - /(0)|| < f° \\g(s)\\dfi(s). 



So there exists a Borel set A C [0,fo] with n(A) > such that ||g(s)|| > 1 — e for any s £ A. 
Since fJ.(A) > and T is Gateaux differentiable almost everywhere in [xo, yo], it follows that 
there exists to £ A such that T is Gateaux differentiable at xq + fo^o- Hence 

II n i , X \f mi v ,,T{x + i z + sz ) -T(x + i z ) 
\\D T (x + t zo)(z )\\ = hm 

s->0 S 

_ llm|| / < fe + , >- / ft>||-||g / ft)ll 
= || 5 (t )|| >!-£■ 

Taking x = xo + to-^o S [xo,2/o]> we get an operator Dt{x) in ^(X) satisfying ||Z>r(x)|| > 
1 — e. Then the definition of Dt(x) applies to show that 

w(T) > wp T (x)) > (1 - e)n(X). 

The desired inequality nz,(X) > n(X) follows. □ 

Let 1 < p < oo and be a c-finite positive measure space. If S is countably 

generated, then L p (fi) is separable [S, Prosition 3.4.5]. Note that all reflexive spaces have 
the Radon-Nikodym property. Theorem 3.4 gives the following consequence. 

Corollary 3.5. 

(a) For any finite dimensional Banach space X, we have rti(X) = n(X). 

(b) Let 1 < p < oo and (fi, S, /i) 6e a a-finite positive measure space. IfEis countably 
generated, then nL{L p (fi)) = n(L p (/i)). 

(c) In the complex case, one has nfa) = 1/2. 

From [10, Theorems 3.5, 3.6], J.Duncan, C. McGregor, J.Pryce, and A.White showed 
that for each t £ [1/e, 1] in the complex case (resp. t £ [0, 1] in the real case) there is a 
two-dimensional complex (resp. real) space X with n(X) = t. Then by Corollary 3.5 (a) 
and Corollary 2.3 we get the following result. 

Corollary 3.6. For a real Banach space X, n^(X) can be any number in the interval [0, 1], 
while {til(X) : X is a complex Banach space} = [1/e, 1]. 
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4. Stability properties of the Lipschitz numerical index. 

The purpose of this section is to compute the Lipschitz numerical index of c$-, loo- 
sums of Banach spaces and some vector-valued function spaces. It should be pointed out 
that the proof of the results are based on the ideas given in [17, 18]. However, we hope to 
convince the reader that the proof is not a straightforward adaptation of those given there, 
we need some techniques from the nonlinear theory. 

Given an arbitrary family {Xa : A G A} of Banach spaces, we denote by [©agaXa] Co 
(resp. [®AeA-^s\hi> [©asA^a];^) the co-sum (resp. Zi-sum, Zoo-sum) of the family. The sum 
of two spaces X and Y is denoted by the simpler notation X ©oo Y or X ©i Y. For infinite 
countable sums of copies of a space X we write co(X), ii(X), /^(X). 

For our main results, we need two lemmas. The first one will be used repeatedly. 
Lemma 4.1. Let X and Y be Banach spaces. Ifxi,x 2 G X and 2/1,1/2 G Y such that 

\\yi ~ 2/2 1| < M\\x 1 - x 2 \\ 
for some M > 0, then there exists an M -Lipschitz operator F G Lip(K, Y) such that 

F(x 1 ) = y 1 and F(x 2 ) = y 2 - 

Proof: The function /o : Eq = [x\,x^ — > R defined by fo(x) = \\x — Xi\\ is a Lipschitz 
function with ||/o||l — 1- By metric version of Tietze's extension theorem (see [20, Theorem 
1.5.6 (a)]), there exists a function / G Lip(X.,M) such that /|^ = /o and = 1- Set 

a = \\x\ — X2W and define <f> : [0,a] Y by 

0(t) = -2/2 + (1 - ~)yu ViG[0,a]. 
a a 

It is easy to see that <p is an M-Lipschitz operator such that 

0(0) = 2/i and 0(a) = y 2 . 

Let 7r a : E — >• R be a 1-Lipschitz mapping defined by 

/ \ \z\, if \z\ < a; 
w [a, if \z\ > a. 

Then i ? = 0o7r a o/:X^>Yis the required mapping. □ 

Lemma 4.2. Let X, Y and Z be Banach spaces. Then for every T G Lipo(X. (Boo Y,Z), 
there exist u = (xi,yi),v = (x 2 , y 2 ) € X ©^ Y with \\u — v\\ = \\x\ — x 2 \\ such that 

||Tu-T«|| > (\\T\\ L - e )||u_t;||. 

Proof: We suppose that T G Lip (~K ©^ Y, Z) with ||T|| L = 1. Then for any e > there 
exist u, w G X ©^ Y such that 

1 1 Tit — Tw\\ > (1 — — w \\- 

It follows from Proposition 3.3 (a) that we can assume that ||u — w\\ < 1. Since -BxeooY is 
the join hull of 5x x By, by Lemma 2.6, we may find «eX ©^ Y such that 

on 1 II II II II ll U - HI 

u — v G «bx x By and \\u — v\\ = \\v — w\\ = . 
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A short computation shows that \\Tu — Tv\\ > (1 — e)\\u — v\\. □ 

Proposition 4.3. Let {X A : A G A} be a family of Banach spaces. If Z is the c$-, or 
loo- sum of the family, then 

n L (Z) = inf{n L (X A ) : A € A}. 

Proof: It will be sufficient to prove the case that A has just two elements, since in the 
general case given Ao € A, one clearly has 

co ffioo 

Let Z denote either X (Bod Y or X ffii Y for any Banach spaces X and Y. We first 
check that n^(Z) < n^(X). Let S G Lipo(X.) with \\S\\l = 1 and let T G Lipo(Z) be given 
by Tz = (Sx,0) for any z = (x,y) G Z. Then \\T\\l = 1, and given e > 0, we may find 
z\ = (xi,yi),Z2 = (x2,y2) £ Z with x\ ^ X2 and (/, g) G D(z\ — Z2) such that 

m p . \(f,g)(T Zl -Tz2)\ \f(S Xl -Sx 2 )\ 
u(T)-e< n = — jj 1,2—. (5 

Iki-^lr Iki-^lr 

Moreover, (/, g) G D{z\ — Z2) implies that 

f(xi - x 2 ) +g{y\ - 2/2) = \\f\\\\xi - x 2 \\ + \\g\\\\yi - 2/2 1 1 = \\z\ - z 2 \\ 2 . (6) 
Let fo = ji/il /■ Then (5), (6) entail that /o G D(x\ — X2) and 



frw* / |/(Sxi - gag)] . |/o(ggi ~ Sx 2 ) 
UJ {-L)-£< — — 77j2 — S — n _ I ||2 



\Z\ - 02 1| 11^1 ~~ X 2| 

Consequently, we have n^(Z) — e < u;(T) — e < co(S) and so 

n L (Z) <nx(X). 

The same argument applies to Y giving n^(Z) < min{ni(X), n^(Y)}. 

Let Z = X©^ Y. To prove the reverse inequality, we consider the mapping T G Lip^{Z) 
with ||T||i = 1. Since T can be rewritten as T = (Ti,T2), where Ti G Lipo(Z,X) and T2 G 
Lipo(Z, Y), we have ||T||i = max{||Ti||/,, 1 1 1 1 x, } - We may assume that ||T||^ = ||?i||i = 1. 
By Lemma 4.2, there exist Z\ = (xi,yi),Z2 = (^2 , 2/2) & Z with ||xi — X2W = \\z\ — Z2W such 
that 

Wniz^-T^W > (l - e)\\ Zl - z 2 \\. 

Lemma 4.1 gives a 1-Lipschitz operator F G Lip(X., Y) with F(x\) = y\ and F{x2) = y 2 - 
Now consider the operator 5 G Lipo(K) defined by 

S(u) =T 1 (u,F(uj\ -Ti(o,F(0)) V u G X. 

It is clear that ||5(xi) - S(x 2 )\\ > (1 - e)||xi - x 2 || and ||5(u) - 5(u)|| < ||« - «||. This 
implies that 

1 -£< \\S\\ < 1. 

For all x, x G X and (x — x)* G -D(x — x), we put z = (x,F(x)), z = (x,F(x)) and 
(z — z)* = ((x — x)*, 0). It is routine to check that ||x — x|| = ||z — 5||, (z — z)* G D(z — z) 
and 

(z — z)*(Tz — Tz) = (x — x)*(Sx — Sx). 
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It follows that (jj(T) > uj(S) > (1 — e)ni,(X), and hence n^(Z) > min{ni(X), n^(Y)}. 

Let Z = X0i Y. We shall prove the reverse inequality n^(Z) > min{ni(X), ?il(Y)}. Fix 
T E Lipo(Z) with ||r||x, = 1. Given < e < 1, there exist two elements z\ = (xi,y\),z 2 = 
(x 2 ,y 2 ) £ Z such that 

||r(xi,yi) - r(x 2 , ?/2)|| > (1 - - ^11 + H2/1 - 2/2 1 1 ) - 

Thus we have 

||r(xi,yi) -T(x 1 ,y 2 )\\ > (l-e)||yi - y 2 \\ or \\T(x 1 , y 2 ) - T(x 2 , 2/2) || > (l-e)||xi -x 2 ||. 

Since the argument works whenever one of the inequalities is true, we may assume that the 
second inequality holds. Then define T y2 : X — > X ©1 Y by 

T y2 (x) =T(x,y 2 ) -T(0,y 2 ), ViGX, 

and write T y2 = (A,B), where A E Lipo(X.) and B E Lipo(X.,Y). Let xq E Sx and 
y* E SV* be such that 

Ax\ — Ax 2 = \\Ax\ — Ax 2 \\xq and y*{Bx\ — Bx 2 ) = \\Bx\ — Bx 2 \\, 

and define an operator S E Lipo(X) by 

S(x) = A(x) + y*{Bx)x , VxEX. 

Then it is easily checked that — S(x2)|| > (1 — e)||xi — x 2 \\, and thus 

Finally, for all x±, x 2 E X and (x± — x 2 )* E D{x\ — x 2 ), we set z\ = (xi,y 2 ), z 2 = (x 2 ,y 2 ) E Z 
and / = ^(xi — x 2 )* , (xi — x 2 )* (xo)y*^j E Z*. It is easy to see that \\z\ — z 2 \\ — ll^i — x 2 \\, 
f E — z 2 ) and 

/(Tzi - Tz 2 ) = f(r y2 (xi) - Ty 2 (x 2 ^j = (xi - x 2 )*(Sx 1 - Sx 2 ). 

It follows that 

u(T)>u(S) > (l-eK(X). 
The desired inequality ni(Z) > min{ni(X), ni(Y)} follows. □ 

As an application of Proposition 4.3, we show that the Lipschitz numerical index is stable 
under cq-, l\-, and loo-sums. 

Corollary 4.4. For every Banach space X ; 

n L (c (X)) = n L (h(X)) = n L (Zoo(X)) = n L (X). 
In particular, n^(co) = riL{li) = n^l^) = 1 in the real or complex case. 

Next, we will discuss the stability property of spaces of vector-valued functions. Let 
us recall some notation. Given a compact Hausdorff space K and a Banach space X, we 
denote by C{K, X) the Banach space of all continuous functions from K into X, endowed 
with the supremum norm. If (f2,£,//) is a positive measure space, Li(/x,X) is the Banach 
space of all Bochner-integrable functions / : O —¥ X with 

11/11!= / 
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If (0, £, //) is (T-finite, then L 00 (/x, X) stands for the space of all Bochner integrable functions 
/ from f2 into a Banach space X, endowed with its natural norm 

ll/lloo = mf{A > : ||/(i)|| < Xa.e.}. 

We refer to [11] for more background information. 

We shall generalize the fact ni(co(X)) = til(X) to the space of vector- valued continuous 
functions. 

Theorem 4.5. Let K be a compact Hausdorff space and X a Banach space. Then, 

n L (C(K,X))=n L (X). 

Proof: We first show that n L (C(K,X)) > n L (X). Let T be in Lip (C(K,X)) with 
\\T\\l = 1, and the procedure is to prove that oj(T) > ^^(X). For each t G K, we define 
T t G Lip (C(K,X),X) by T t (h) = (Th)(t) for any h G C(K,X). Then 

\\T\\ L = suv{\\T t \\ L :teK}. 

Given s > 0, we may find to G such that ||Tt 1|^ > 1 — e. Thus there exist /, g G C(A', X) 
such that 

im /-T to5 n>(i- e )ii/- ff ||. 

Set / = ^Efp C(t ) = C(K) : ^(tf) C [0, 1], pfo) = 1} and 

A(f ) = {(1 - <p)f + <px:x£S x ,ipe C(t )}. 

By the proof of [17, Theorem 5], we have fo G J(A(fo)) (Indeed, given e > 0, we write 
z = fo(to) and zq = Xxi + (1 — X)x2 with < A < 1, xi,X2 G Sx.- Then there exists a 
continuous function <p : K — >• [0, 1] such that </?(io) = 1 and </?(t) = if ||/o(i) — zq\\ > e and 
consider the functions 

fi = (1 - <p)f + ^ G A(f ) (j = 1,2). 

Then ||/o — (A/i + (1 — A)/2)|| < e)- We see from Lemma 2.6 that, there is a function 
h G C(K, X) such that 

h _ fe \\f_A A{fo) and n/,- ff || < (i + e )JL^zLM. 

Hence, we have 

\\T to h - T t J\\ > \\T t J - T to g\\ - \\h - g\\ > (1 - 3e)\\h - f\\. 

Now write xq = h(to), yo = /(to) and so ||xo — yo\\ = \\h — f\\. By Lemma 4.1, there exists 
a 1-Lipschitz operator F G Lip(X, C(K, X)) such that 

F(x ) = /i and F(y ) = f. 

Next we find a new continuous function (j> : K — > [0, 1] such that </>(£()) = 1 and i^(t) = if 

\\h(t) - x \\ > e\\h - f\\ and ||/(t) - y || > e\\h - f\\, 

and denote 

$(x) = (1 - + (/)x G C(A, X), (x G X). 
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It follows that 

\\T t0 ($(x )) - r t0 ($(y ))|| = ||T t0 ((l - 4>)h + 0x o ) - r t0 ((l - 0)/ + 4>y )\\ 

> \\T to h - T k) f\\ - \\<j>h - c/)xo\\ - \\<j)f - <j>yo\\ 

> (i _ 3e )l\ h _ /|| _ £ \\ h _ /|| _ e || h _ /|| 

= (l-5e)||/i-/|| = (l-5e)||a:o-ift)||. 
We consider the operator S G Lipo(X) given by 

5(x) = r to (*(x))-r to ($(o)) 

for any x G X. We can easily check that \\Sxq — Syo\\ > (1 — 5e)||xo — 2/0 1 1 and 

||Sx - Sy|| < \\<&(x) - $(y)\\ = \\x - y\\ 

for all x, y G X. Hence 1 — 5e < [ | *S r [ | < 1. For each x, y G X and (x — y)* G — y), we 
have (x - y)* o 6 to G D(<3?(x) - $(?/)) and 

(x - yf o 5 t0 (T$>(x) - T$(y)) = (x - y)*(T to $(x) - T <0 <I>(y)) = (x - y)*(Sx - Sy). 

Hence, 

u(T) > u(S) > (1 - 5e)n L (X) 
and thus ni(C{K, X)) > n^(X). 

To prove the reverse inequality, for every S G Lipo(X) with ||<S||l = 1 we define T G 
Lip (C(K,X)) given by 

(Tf)(t) = S(f(t)) tEK,feC(K,X). 
Then ||T|| L = 1 and cj(T) > n L (C(K,X)). Let Z = C(K,X). For every i G if, we set 
A = {(/,<?) : \\f(t) - g(t)\\ = 11/ - g\\} c Z x Z 

and 

Q = {(/,<?, x* o «J t ) : (/,y) G G D(f(t) - g(t)),t G A'} C Z x Z x Z*. 

Then the mapping ir:ZxZxZ' ->ZxZ given by 7r(zi,Z2,z*) = (^1,22) satisfies 
7r(Q) = Z x Z. By Corollary 2.2 the numerical radius of T is given by 

m r \(x*oS t )(Tf-Tg)\ , 
w(T) = sup{ : (/, 5, x o A t ) G Q}. 

Therefore, given e > 0, we can find (f,g,x* o 5 t ) e Q such that 

|s»[(T/)(t)-(Tg)(t)]| |x*[5(/(t))-S(g(t))]| 
1 J 11/ "Sll 2 ll/W-^)!! 2 ' 

It follows that u(S) > w(T) -e> n L {C(K, X)) - e and so n L (K) > n L (C(K, X)). □ 

We will generalize the fact that nx,(Zi(X)) = n^(X) as follows. 

Theorem 4.6. Lei (f2, E, /i) 6e a positive measure space, and let X be a Banach space. 
Then 

n L (Li(/i,X)) = n L (X). 
The proof will depend on the following two lemmas. 
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Lemma 4.7. Let X be a Banach space, and let S be in Lipo(X). If T G Lipo(l™(X)) 
defined by T(x) = (Sx\, Sx2, ■ ■ ■ , Sx n ) for each x = (x±,X2, • • • , x n ) G (X), then 

uj{T) = u(S). 

Proof: It is enough to prove that w(T) < u>(S) since the converse is obvious. For every 
e > 0, we may find x = (xi,x 2 , • • • ,x n ), Vo = (2/1,2/2, • ■ • ,2/n) hi (X) with Xj / for all 
i = 1, 2, • • • , n and = (2*, 0|, • • • , £*) € D(xo — 2/0) such that 

Iz^Txo-Tyo)' 



\xo - 2/0 II 2 



>w(r)-e. (7) 



It follows from z* G D(xq — yo) that 

- Vi) = \\z*\\\\xi -Vi\\ and = \\x - y \\ 

for all 2 = 1,2,--- ,n. This implies that each z* = |r^~^I z* G D(icj — yi) and 

\\%o — 2/0 1 1 2 r-f ll^o — 2/0 II 2 ^ ||»o -2/0 1| \\xi-mW 2 

1=1 1=1 

By (7) and (8), there exists io E {1, 2, ■ ■ ■ , n} such that 

Z7 °ir^"?2 o) >"(r)-e- 

ll-^io 2/ioll 

Therefore, uj(T) < uj(S). □ 

Let us recall some definitions. Let (O, be a positive finite measure space and X a 
Banach space. For each A G X with < < oo we define a contractive linear operator 
e A :£i(At,X)->-Xty 



©a(/) = -^t / /d/i V/GLx^X). 
M(^) ./a 



With this notation, for each partition ir of f2 (into a finite set of disjoint members of S) we 
define a contractive linear operator E 1 ,,- : Li(/i, X) — » Li(/i, X) given by 

= 2 V/ G Li^X). 

A€7T 

Lemma 4.8. /ii, Lemma III. 2.1] Let (f2,X,/i) 6e a positive finite measure space and X a 
Banach space. If the partitions are directed by refinement, then 

lim \\E v (f) -/||i = 0, V/GLxG^X). 

Proof of Theorem 4.6. We adapt the proof of [17, Theorem 8] to prove this result. 
According to the fact that Li(/i, X) is isometrically isomorphic to an Zi-sum of spaces 
L\{jjLi, X) for suitable finite measures fa, and together with Proposition 4.3, we can suppose 
that \i is finite measure. 

For each partition ir of £1, we denote by ~Y n the range of E n . Since Y ff is isometric to a 
finite li-sum of copies of X, by Proposition 4.3 we have ni(Y 7r ) = tt-l(X). 
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We shall prove the inequality ni,(L\{n, X)) > n^(X). Let T G Lipo(X.) with \\T\\l = 1 
and e > 0. By the previous consideration it suffices to find a partition itq of f2 and a 
mapping T no G Lipo (Y w ) such that 

||T^|U>l-e and w(T) > w(T^) > (1 - e)n L {Y^ ) = (1 - e)n L (X). 

For the given T and e > 0, we may find f,g€ X) such that 

||r/-r 5 ||>(i-^)||/- 5 ||. 

Using Lemma 4.8, we obtain a partition ttq of O into a finite family of disjoint measurable 
sets with positive measure satisfying 

max{||/-^ /||, \\Tf-E W0 Tfl \\g - E wo g\\, \\Tg - E„ Tg\\} < ±e\\f - g\\. 

Let T no = E-kqTEkq G Lipo(Y no ) be the restriction to of the operator E^T. Then it is 
easily checked that \\T no \\l > 1 — s. Moreover, for each f,g€ Y no and (/ — g)* G D(f — g), 
we have h* = E* o (f - g)* G D(f - g) and 

h*(Tf - Tg) = (f- gT(T n J - T no g), 

which shows that oj(T) > w(T To ) as required. 

Next, we check the reverse inequality ni{Li{p, X)) < nx(X). For every S € Lipo(X) 
with ||5|| L = 1, we define T G Lipo(Li{fi,X)) by (Tf)(t) = S(f(t)) for each ten, f G 
Li(/x,X). Then ||T||i = 1 and w(T) > ni(Li(/x, X)). Given e > 0, by Corollary 2.2 and 
Lemma 4.8 we can choose a finite partition 7r of Q such that 

||T,r|U>l-e and w(T w ) > (1 - e)w(T), 

where T„- = E^TE^ G Lipo(Y 7r ). We can identify Y^ with (X) for some n G N. Then 
G Lipo(YTr) is given by T n (x) = (Sx±, Sx2, ■ ■ ■ ,Sx n ) for each x = (x±,X2,--- ,x n ) in 
/"(X). By Lemma 4.7, we have (^(T^) = u>(S) and thus 

> (1 - e)u{T) > (1 - e)n L (L 1 (/x, X)). 

This completes the proof. □ 

To generalize the fact ^^(/^(X)) = 7il(X), we require the following two results of [18, 
Lemmas 1, 2]. For the convenience of the readers, we include them here. 

Lemma 4.9. Let (f2, S, v) be a a-finite measure space, and let X be a Banach space. If 
f G L oc (z/,X) with \\f(t)\\ > A a.e., then there exists BsS with < v{B) < oo stic/i that 

||^_ / /( t ) dl/ (t)||>A. 

Lemma 4.10. Xe£ / G L^iy, X) ; C G 5] mi/i positive measure and e > 0. T/ien i/iere 
exist x G X anc? A C C with < < oo suc/i i/jai ||x|| = ||/Xc|| II (/ — 2; )xa|| < £■ 
Accordingly, the set 

{%XA + fXn/A '• x G 5"x, / G 5 Loo(i/)X) ,^ G £ un*/i < i/(^4) < 00} 

is dense in Sl^ (y, X) . 
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Theorem 4.11. Let (fi,E, u) be a a-finite measure space, and let X be a Banach space. 
Then 

^l(^oo(^,X)) = n L (X). 

Proof: We first show that nz, (Loo (f,X)) > n L (X). Fix T G Lipo (£«>(*>, X)) with ||T|| L = 
1. We need to prove that u(T) > n£,(X). Given e > 0, there are f,g € L^u, X) and a set 
CeS with < i/(C) < oo such that 

||T/(t)-r<7(t)|| > (l- e /2)||/- ff ||, ViGC. 
Denote /o = ii yZg ii an d set 

A(f ) = {xxa + foXn/A e S ioo(i , )X) :xeS x ^eS,icC, i/(A) > 0}. 



By the proof of [18, Theorem 3], we have /o £ J(A(/o)) (Indeed, by Lemma 4.10, there 
exist yo G Bx and A C C with f(A) > such that ||(/o — ?/o)xa|| < £■ Now, write 
yo = Axi + (1 — A)x2 with < A < 1, xi, £2 G 5 X) and consider the functions 

fj = XjXA + foXn/A G A(fo) (j = 1, 2), 

which clearly satisfy ||/o — (A/i + (1 — A)/2)|| < e)- From Lemma 2.6, we can find fa G 
L 00 (^, X), z G Sx and £ S with A\ C C and < z^(-Ai) < oo such that 

h _ f= \\l^ {zXAi+foXn/A j e \lf_9l A{fo) and < (i +e )i^_LM. 

Hence, we have 

\\Th(t) - Tf(t)\\ > \\Tf(t) - Tg(t)\\ - \\h - g\\ > (1 - 2e)\\h - /||, V t G C. (9) 
By Lemma 4.10, there exist xq,uq G Bx and Ao C A\ with < z^(-Ao) < oo such that 

\\{h - x )xa \\ < |||fa - /|| and ||(/ - yo)XA || < ^\\h - f\\. 
Note that for each t G A C Ai, ||fa - /|| = ||fa(i) - /(i)||. Therefore, for all t G A , 
\\x - yo\\ > \\h(t) - f(t)\\ - \\h(t) - x \\ - \\f(t) - yo\\ >\\h- f\\(l - e) 

and 

\\x -yo\\ < \\h(t)- f(t)\\ + \\h(t)-x \\ + \\f(t)-y \\ < ||fa - /||(1 + e). 
This means that 

||fa- /||(1 -e) < ||x -y || < \\h- 711(1 + e). 
By Lemma 4.1, there exists a ^^-Lipschitz operator F G Lip(K, L^u, X)) such that 

F(x ) = h and F(y ) = f. 

For each A G S with < ^(A) < oo, we define a contractive linear operator 6,4 : 
Loo(i/,X) -> X by 

S A (f) = Jjdu, V7 G Looiy, X). 
Now by (9) and Lemma 4.9 we select 5cA)CC with < f(-B) < 00 satisfying 

||e B (Tfa-r/)||>(i-2 £ )||fa-/||. 

We denote 

$(x) = xxA + ^(a;)xn/Ao G L^i^X), 
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and consider the operator S G Lipo(K) given by 

S(x) = e B [T(*(a;))-T(*(0))]. 

Since 

\\S{x ) - S(y )\\ = \\@b[T(xoxa + hxn/A )] ~ @B[T(y XA + fxn/A )]\\ 

> \\e B (Th - Tf)\\ - \\(h - x )xAo\\ - IK/ - yo)xA \\ 

> (1 - 36)11/1 - /|| > ( \~ 3 g £) \\x - yo\\ > (1 - 4e)||x - y ||, 

this implies that 

\\S\\l > l-4e. 

For each x, y G X and (x — y)* € D(x — y), we have 

(x - y)* o e B ($(x) - $(y)) = ||x - y|| 2 

and 

(x - y)* o 9 B (T$(x) - T*(y)) = (x - y)*(Sx - Sy). 

It follows that 

w(T) > w(5) > n L (X)(l -4e) 
and so n L (L 00 (z/, X)) > n L (X). 

To prove the reverse inequality, for every 5 G Lipo(X.) with ||<S||l = 1, we define T € 
LipoOM^X)) by (T/)(i) = 5(/(t)) for each t € fi, / G LoofaX). Then ||T|| L = 1 
and w(T) > ni(L 00 (^, X)). Lemma 4.10 combined with Corollary 2.2 produces x,y G X 
with x / y, (x - y)* G D(x - y) and f,g G X) in the form / = xxa + /oXn\A ; 

5 = ?/XA + <7oXfi\A f° r some A G X with < < oo and some /o, <?o € L OQ (fi,X) such 
that 

m g ^ |(rr-yroe A (r/-rg)| |(x-y)%gx_-5y) 

w U J _ e < [77 [To ^ |j M2 • 

\\f-9\\ If -y\\ 

Therefore, 

ULiLooty, X)) - e < u(T) - e < w(5), 
and thus n^Loo^, X)) < n^(X). □ 

The following result is an obvious consequence of Theorems 4.5, 4.6 and 4.11. 

Corollary 4.12. Let K be a compact Hausdorff space, fi be a positive measure and v be a 
a-finite measure. Then, in the real or complex case, one has 

n L {C(K)) = n L (Li(fj.)) = n L (Lo») = 1. 

Throughout this paper, we can see that the conclusion that the Lipschitz numerical 
index is equal to the numerical index is true for large classes of Banach spaces. Then it is 
interesting to ask the following question: 

Problem 4.13. Is there a Banach space X such that n^(X) < n(X)? 
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